
Hoff Ch .
2 : Probability



Setup
· Y the sample space , e.g ., Y = SH ,TY

· An event is a subset ofY

· A probability measure is a function P

that assigns probabilities to events



Axioms of probability

1
.
0 = P(b) = P(H) = P(y) = 1

2. If H2Hz = O then

P(H2UHz) = P(Hz) + D(Hz)

More generally , if HjnHk= Xjk

P((H)= (H)
.

k=1



Axioms of conditional probability

1
.

0 = p(H(H) = P(F(H) = P(H(H) = 1 .

2. If FIG = D

P(FUG (H) = P(F(H) + P(G(H)

3. P(FG(H) = P(F(GH)P(G(H)
* Often people write

P(F , G (H) = P(F(G ,
H) (G (H) .



Marginal probability

Let E be an event and EH a

partition of event It with P(it) = 1 .

(E)= PEH)=ED(H
h



Bayes' rule

P(HjME)
P(HjlE) = P(E)

D(EIHj)P(Hj)
=

D(E)

=
P(EIHj) P(Hj)

EIH)P(HL)



Independence

Events F and G conditionally independent

given H if P(F
,
G(H) = P(F(H)P(GIH) ·

P(F(G , H)=G =
P(F(H)P(G(H)
P(G)H)

= P(F (H) .



Random variables

· A random variable is an unknown numerical

quantity about which we make probability

statements.

· Random variables typically denoted by

capital letters , e.g .,
Y.

· Y takes values in state space Y



*
A more formal definition

· A probability space is a triple (1,D,)
where I is a nonempty set , At is a

collection of events
,

i
.

.e
., subsets of 1 , and

# is a probability measure , i .e ., a function

that assigns a probability P(H) to each
event HEA)) ·

* We will not use this level of formality in this

course , but it is good to be aware of.



· A random variable is a function

Y :1- Y

· Given a subset ALY ,
the event

"YEA" is shorthand for the event

Ew+2 : YWAYR .

=> P(Y(A) = P((w +2 : Y(w) =AY)



Discrete vs . continuous

· Y is discrete if its state space Y is

countable
,
e .g ., if Y <N = 21 , 2 ,3, ... ) .

· Loosely speaking , Y is continuous if it

can take an uncountable number of values,

e .g ., if Y = R or Y = [0 , 1]



Probability density functions

· For discrete r.V., write

p(y) = P(y= y) = P(y((y3) .

· Note that

· 0 = p(y) = 1

· 1 = P(y)=EyP(y) .



· For ACY ,
P(A) = [p(y) .

YEA

· For continuous r. V ., start with cumulative

distribution function (Cdf) :

F(y) = P(Y = y) .
· (Radon-Nikodym theorem) If F is absolutely
continuous, then there exists a function



9 : -> [0 , 2) such that

F(a) = (ap(x)dy -

·

p is called the probability density function

(pdf) of Y .

· Note that

· Fl- x) = 0 and F(x) = 1



· F(a)= p(y)dy = pl

i .e ., p is the derivative of F.



Mean and variance

· The mean/expectation of Y is

· ETY] = ZyYP() (discrete .v .)

· ET] = JyY9(y) by (continuous r.V.)

· The variance of Y is

var(y) = E/(Y- 1())2]



= E[Y2- 2YEY) + 1f)2]

= E[Y2]-2ETY]+ E[]2

= E[Y] - EX]2

End lecture 2



Joint distributions

· These are just pefs in the case where

Y = (Y ...,Yn) is a multivariate r.v.

taking values in the product space

y = Yex ... xYn=
· Let y = (y1 , . . ., Yn).



·Discrete :

p(y)= P(y=y) = P(y=y,....,Yn = yn)

· Continuous :

F(a) = P(ya) ...,Y = an)

= (aaz (a p(y---,Yn)dyn = Dy



· Marginal density of Y:

P(yj) =(y9(y)(yj = (yj-2*y +2: Dy
where Y-j = Yex ... *Yj

*Yjt
* *Yn

· Integrate out/average over all coordinates
except Yi·



·Conditional density of y; given

Y- j
= (y2 1 ..., yj- 11 Yj+ 11 ... , Yn) :

P(yj(y-j) = P(y,,...,
yn)

I

P(yj)

· Probability of Y . once we've observed
I

all other variables.



Bayes rule (parameter estimation(

sampling distribution

aka likelihood
Prior

↓ ↓

p(f(y) =
p(y(t)p(0)
P(y)

↑ ↑
posterior normalizing constantdistribution/density (marginal of y)



Independent random variables

· Y
, ..., In are independent if

P(Y(Ay , ...,YnEAn)=A

for all events (Ap ....,An)Yi·
·Conditionally independent given G if

P(YEA , , ...,YnEAnIE)= P(YEAile) ·



· If Y , ..., Yn are conditionally independent

given O , with pdfs Oy(Yi/G) , then

9(y2 ... /YnIG)=( : 12) ·

· If
,
in addition

,
the Y

, are identically
distributed

,
i.e ., Py = P Vi , then

P(y ......Yno)= pyo).



Exchangeability and de Finetti

· Y , ..., In are exchangeable if

p(y2 , ..., Yn) = p(y+(2) , ...,Yn()

for all permutations it of 51, ..., n3 , i .e,
subscripts don't matter.

· Ye , ...,Yn/t vid> exchangeable



· (de Finetti's theorem) Essentially the converse,

i . e ., exchangeable=> FF-p(0) such that

p(y2 ....,Yn) = ((()p().
See Hoff

,
Section 2

. 8
,
for details.

· Provides foundation for using parametersO and

priors p(b)



.

End Ch. . 2


