Holf Ch 2. Probalo Hfﬁ



Setup
e Ij the sample space, eq.) Lj——-{\—\,_rzj

o An event IS & subget of \_‘j

e A oprobability measure. s & function P

thod aSSIgNS orobabilities 1o events



Axioms of Pro babi| \+-\-/

1. O=P®) =z PH)= P(Yy)=1
2. I H N H, =@ hen
P(HUH,) = P(H) + P(H,)

More gone(a\\y, 8 Hijk:d) Vj#k’
K K
P( HHQ - %P(HD



Axioms of conditonal probability
1. 0= PH(H) = P(FIH) = P(H[KH)=1.
2. FNGg=9¢

P(FUGIH) = P(FIH) + P(alH)
3. P(FNalH) = PFlanH)P(GIH)

x Often people wWrite

P(F,alH) = P(Fle,v)Peln).



M argin o probabi “ﬁf

let E be an event and {H\jit o
por%hon of event ?‘t' with IDO‘Ozj.

K K
P(E) = ?—z P(ENH,) = kZP(En-\QtD(HQ.

an




Pl HQ ‘P(HQ

é P(EIH)PHL)



._Lnde,gef\den&
EVQV\‘\'S F and G( Coﬂd\'-HoY\aH\_/ iv\depe_ndem‘\'

gven H & P(F,alH)=P(FIH)P(alH)

_P(FalH)  p(FIn) PG IH)
P<F|6/H> E P(alH)

P(F[H).



Rondom variobles

e A random vaciable 1S an  unknown numerica

quantity about which we make probability

stotrements.

 Random variables typicaly denoted by
copital  letters, eq., Y.

® \( ‘\akas \/a\ues N Stoctte Spoce H



X
A more ‘FO(M&\ defintion

° A probab\'\\'er space 1S & +r|'ple_ (Q,H,P)
Where Q ININ nonemer\/ Se:l’, ’)—L 1S a

collection of events, ie., subsets of () , ond
P s « probabil\'-k\/ measuce , ie., o funchon

thot 0SSigns & probab\‘l\'h' P(H) T eoch
even+t \“\6')-(,

*\l\[e will not ue. tas level of %rm@h*\/ i his
course, butr + (5 goed to be awere of.




o A random voriable 1§ o funchon
Y: O— Y
® Qiven o subset A C H, tHe event

"YEA’ s shorthand for the event
SLwEO_: Y(w}éA% - Q

= PreA) = P(iweq: Y eA))




Discrete NS continuous

* Y s diswete * s stote space U N
CDKLV\‘\'Osb\&) 68-) \‘F H é N — {1,1,5/}

* LooseN Speo\k(ng , 1 s conhinuous i+

con toke on uncountable number of values,

eq, £ Y=R or “jz[o,ﬂ



Probgb\'l \'Jr_\‘ density Lunctons

° For discrete ., Write

o) = P(Y=y) = P(Yeivt)
e Note “hot
- Oz ply)e 1

1= PY)= 2 o).

YY)



- For AcY, PA)=2 p@y).

YEA

¢ For continuous e.V., Stort with cumulahve

distribution funchon (Cd\0> -
F( = P(Y=y).

0 (Radon—t\l\'kodym +\r\eoran> I+ F s absolutely
conkinwous, Hhen there exists o finchon




o ° ’\j—> [0,0Q> such +hat

Fla) = J

(6N

~ o(y) dy .

° P 1S colled +the probability density function
(pd€) of .

e Note thot

o Flcoo)=0O and F(oo) =1



G

° —ﬁz\:@fﬁiﬂj(\/)d\/ = pla),

le, P 15 the decivative of F.



Mean and Varionce

e The mean/expectotion of Y 1S

0 [E[\(] = Z \/P(\/> (d\'SC(Q+Q r.v.>
¥ed

[\(] = '(U Y P(\/) dy (Cmn‘rinuous r.v.>

e The variance of Y s

Vor () = E [(Y— YE(\(»?']




= (E[Yl— 2YE(Y) + tE(Yﬂ
— E[]- 2 €T+ ELY)?
= E[v*] - EDY]”.




Joint distributionS
e These oare qust  pafs i the case whese

\(‘:(\(1,.../\(“) s a multivaciate vV

toking  values in the oroduct space

Y=Y, = Y,

o let v =C(v4, “')Yn)



o Discrete -

o(y)=P(r=y) =Py, - Ya=y,)

o Continuous:

F(a) = P(Yié_ Oy ) - )\(n é—&r)

=" [np(\/l Ya) AV, Ay,

—O()_



® Margin&\ d@ﬂ&\"\'\/ of 7/3

plyy) = J\j PO Ay dy g ay.
g

e Y=Y Yy Y Y

o InJregroére out / ONesoge oves al| coordinates
e/XC&P‘l’ yj .



e Conditionol density of Yy Qiven
Yoy = Yar ) Yg s Vgt ) 2

, ) = P(Y\l“‘)Yr\>
Py oY)

o Proboh’h’%x/ of \(j once we've observed
all othec variobles.



Boyes rule ( sromeker e<kmahion

Somp\indy distriowhon
e thoed

oo

Qog)rex'\or
Lt ibution/density 1O olizing constart
(W\Ofgir\al of Y)



1ndependent random vaciables
o \(1, .. .)\{,\ are independent

P(Y16A1) ...)YnéAQ = W \P<\QEAD

for ol everts (A4,..  A,)C . -
LAY,
® Condi+\onally independent S\Ven 9 e
D(Y\éAl/-“)YneAh\e>= t\: ‘P(\(ieAi\6>°




¢ 1-@ Yl”'")YY\
given O, wh PdWCS P\G(\/"\8>’ Then

P(\/U I n | 6> = U P\(\' (\/-l | @> .

ase  conditionally  indeperdesd™

o Tf, in additn, the Y, ase |dentically
distributed | ie) Py =P Vi, then

oY), Yal8) = U SICA))



Exchomgeab\'\iﬁ and  de Finet+

— \(1, .-.)\(n ofe exd\o.ytgmb& +

P(\/U "‘)Vn) = P(\/ﬂ(i)) )\/TT(“)>
for all pemutadions 11 of 31, 0], e,

SubScripts  don't madter

° iy

d = ﬂxc;\ncmgeab le



® (de Finetki's —H\cofem> EsSentially the converse,
e @<C\/\M3&0LJOLL — 3 O ~ p(@} such Aot

P(\/w“ﬁy\n\ = j@’\t‘:?(ﬁ’w\9> P(@> do .

See \'\O@wﬁ) Section L%, for  details .

o Provides {oundation for usir\g pocramedecs O and
priors p(@)



End Ch L




