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e This chap+c(: © is a scalac (Oncfdwv\ansm/b

* Two wodels, both conjugoede :

o Beta- binomial

o Qoamma— Foisson

¢ A class of priors P s Conjudocte. for G

éamp\ins mode p(\/\e> B



@) €Y = ply)eP.
Thed 1S, the Postecior be_lovxgs Yo the
some class as  the prior.

® Beto-binomiol @ Betra priors ore con’jugcde
foc  binemial SamPlinﬁ models

® Gamma-Roisson © Gamva priors  are Cﬁﬂjufjckjfﬁ
for  Poisson sampling models



o Com’ugacy 8@0& l\/ Slmp\iﬁes pos+e( or

Comp wrodion
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The binomial distcibution
* Stote Spale '\j = SLD) 1) Y\% '
° %—Vo,\uad C.V. \(N B(V\OM\OJ(V\;9> hC

o(y10) T\ Pir=v19)= (7)o,

Recall, +his is '3&15\— the definition of P(\/ |©)

e Binom (n,@> represents the probability



Owc ob+oumr\5 o 3\\16(\ numbe s O@ SUesSk S

(V) N N indepent Arials, where each

trial has the same probability of
success, © €0, 1—_\,
® Exomples

o Number of heads in n wclfps
o Number of defective tems in o batch

o Number of people who vote “yes”
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Sublicient stotistic for O and P(\/w')\/n\6>




¢ Tf Y~ Binomiad (n,0), +hen

0 YE[\(\G] = nB

> Voc [Y18) = n©(1-9)



The beto distcibution
¢ Stare spoace @ = IO/ 1]
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* Tf O~ Betola,b), +hen
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Conj Uoocy of beto—binomial
o p(@) ~ Beta(a., b)

¢ Y ~ Biomial (n,0)
= o) =(J)8'(-e)



 Recall HW 1, oroblem B1L:

f P ond 4 ore @ropor+ionm\ Pd\CS on
Jrhe, Some.  Space ) “+hen P=C\

Proot Dol q =7 3 C>0 st p®)=Cq®)
Y O0€ . Thecetore,
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1 —’—J@p(@)d@ = Cf@q(e)dé = C. |



® (ompute poStecior :

p(Bly) 0(8)

M(a+rb)
() T(b)

o @\/+&-I <l_6\)r\+b—\/—|.

>0 9(9\\/) is o 0df on [0,1] proportionl
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1o @\/+0~—' O__ 8>n+b-\/—l
— p(@l\/) = B&Jta<0+y) n+b_\/>
® We hove ¢roved ‘+he «Co\\owmg;

T\—\EOREM (be‘&&— binomim\>
T Y~ Binomicd (Y\,G) ond P(@>= Ba{a(a,b>,+ken

p(@\\/) = %a%a(our\// b+n—y>.
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Anclogous interpretation for prior :
® a:\\prior number of sucesses”

e b=" prior number of  failures ”

® a—\—b :“pr\'o( S&W\p\a S\"té”

° a :\\

a+ b

orior probab(\\'““\/ of cuccesS”



C \ ASSroOmM EexecrtSe.

Nou conduck & swrvey askmf) Whether o not-
people  are ha?P\/ (“\)es" or “no”). 129 people.
cespond , with 1|8 saying they e happy and ||
soying no. Write down o Bayesian model fr these
doto. Whet ore Hhe postecior mean and Vosiancg

Solwtion .
F\‘rs\', w\wj\— S oW paramdcr 01C ir\+<(c3’c?

Aswes : Proportion of people that ace happy, 86[011.].




Next :
Two \nsred\Cn’\’Si Likc\'\\r\ood and. pr\'o(.

L\'\<e,\\'\'\ooc\2 We hove n= 24 samples A whece

wa y, & L () or O (). Acsumng

the responses ove  iid;, 4 cwasonable  hkelilood 1S

1294

P (7\"”’ Yi2a | @> = 921% (‘- 6)'26“%_\/(.
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Prior: TF we have vno prior beliefs about &
we cn take p(@) = Bc’ca\(i,i>= An ( form (O)i),

Compute. Qovtesior
© P(\/wml\/m\@) = 9'\%(\—63“
e p(©)= Betall, 1)

= P(%\ YH“'/V\H) = Beﬂ‘&(l + 118, 1+ “>

= Bd’&(llq ) ll).
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Posterior mean = 131 ~ O.q0%

— _u& ~ |
Sample mesn = -7 = O.415 <a+b+o<a+b>
J

na(i2) =
: + — = Betola,
foslar s J 132 (131)* 0.025 S
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Poisson disteibution

* State spoace qﬂ = SLOSUN = 30)1,11..3

® %—\/adued r.V. \( A ?O\'SSOY\ (6> \J\:

y
o(yle)=P(Y=y|8) = \/,.669

o Poisson(®) describes the probability

of obsecving a cectmn number of events



N o fixed interval (eg- time or Spacz>
when events occuc \'r\depcnde,vﬁ\y and

the process has constant ONeraye e ©.

® Exom oles

o) O’(’ e_yy\cqls \“ZC.\QVQC\/C\&\/
o # of cocs passing *H\rouf}\n intecsection /hour

o 4 of +ypos/ page of text



® B\'nomial: Fixed # of “cials
Poisson 2 Fixed interval

® T+ Y~ Poisson (@), +hen
- E[Yl8) = Vac[Yl6]= ©




gamm& distribution

® Otote spoce & = [o, oo>

® @'Va\ued V. 9’\’ G.\OJV\YY\&<a)b> -

P(@) — r\%:; ea_‘ e-be " a—le—be

for a)bQ(O)oo>.




e T{ S~ Gammo(o\)b) +hen
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o p@) ~ Gamma(a,b)
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o Compute postecior :

0811, Ya) X P(©)




® Posterior mean
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e Beto-binomiad and  Gamma-Roisson oee
Speciol  ses of  exponentiod family wmadels.
Qeo  Sction 33 of Hoff for detnils.
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Prediction
° (yi, e \/n> obsecvotions of

Yo, Y0 plly).

® We wount to moke predn’drions about

~—

unobserved Y based on obsesved dots



® Given observoions Y=, Vn) of Yo Yo,
the postecior predictive distribuhion of an

wobsesved v, Y s

(5,01v) d8
{@P 5,01y)

[@ o 1o,y)plely) ae.

3

o(¥[y)



e Tf Y s conditionally independent of
oy cemg oy given © then

IME J@ do.

¢ 1 llustrotion. Suppose @=%—5,0,33
and Y % N(B,1).

Novmal distiibution w/ mean 9, voiiomce 4 .




Suppose we find thod

- p(3ly) = 15
poly)= =
pGly) = =&




® Example . Suppose Yy, ---, V., are observations
ot \{1, "‘/Yn L Bernoulls (9> We put O
Beto(a,b) prior on O, so

P(@‘\/\) --~;\/n> = BQ‘EO\<&+Z\/‘- ) b—\—n—-Zy-),

The gos+e,rior oredichve Probab\'\\er of

success Hor an unobserved X dhet s



Coy\d‘\‘\'(OY\Ok\\\/ \V\Cl&Pa\d&l\‘\- O‘F \(“---/Yn 6'\\/(/\
S (w\d also Bexr\ou\\\'@)> s then

PE-11yew) = p(Llv, -y
- [P p(118) ploly, ) e

- f; O 9@17\"“/\/0 do
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Confidence reqions
* (ool : UnCex-\-ou'vH—y O\\Lan+\'wqwi0h

o How C,omcide,r\—\— afe We N @

o Bedoce we obsecve Y €

o Aftec we observe Y ¢



e A trandom interval [Q(Y)/ u(\()] has

frequentist coverage 1— €0, 4] i

‘P(X(Y)é 0 = ulXY) l 9) = 1— .

e An intecrvod [X(\/), u(\/)] (b&sacl on obsqved

dadto \/> has @ayalan Covesane |- if

P02 up)N=y)= |-




@ &SUPPOSL o= 0O.95.

° Frequen+\'5‘\‘: qg"/o ot the ‘\'(me, iM—cr\ICJ
will contain ©. However, for observed data
Y, the interval edther contains © or does

not —we have no way +o  know.
o Bayesian @ 95 chance Hok O lies in

the jnkeval [2G), u(\/ﬂ conSteucked  from
Obseved data v



—

® [n many  CosSes, contidence. resﬁov\s/ interval s

k&\lt ‘\' he Same %&Y eSioon  0nd 'F( €_L] uentist over aﬂQ

asymptotically , Ve, as n— o0

® Bayesian confidence reﬁ'\cms/ ntecvals often

colled credible rei\iov\s/\'n-\—er\(als.




COYY\PU\*\Y\%\J confidence intecvals

¢ Quantile- based intervals @ To woke a

|00 <\—'O‘3 6/.: con fidenca \'n-\—e,r\/OJ) Lad
Oy  0xd Ox suck fhed

o 9g < @\,9&
= 2

° @(9<9%| 7’>= %
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= P(oele,, 0.4 1)
- 1 - ]p<9< @% or @>9|_g‘7’>
- 1-(2+2) |
- |- .
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Chaplec, We'll see how 1o compude s
n aex\am/(



Hl’ghe&‘t postecrior denS\'er (HPD> reg, lon
e Tn general, a Poyesian confidena

ntervad s ot wnique,
PGy




P == u1(7>\\(=7> =

AND

o A \DO(\-ot>°/o H?D reg\iOY\ IS G Subset
S(\/B - @ oF thae Paam edec Space AuCh that
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