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3 : One-parameter models



Bayes rule (parameter estimation(

sampling distribution

aka likelihood
Prior

↓ ↓

p(f(y) =

p(y(t)p(0)
P(y)

↑ ↑
posterior normalizing constantdistribution/density (marginal of y)



· This chapter : O is a scalar (one-dimension)

· Two models , both conjugate :

· Beta-binomial

· Gamma-Poisson

· A class of priors P is conjugate for a

sampling model ply18) if



p(b) +P => p(p(y)EP .

That is
,
the posterior belongs to the

same class as the prior.

· Beta-binomial : Beta priors are conjugate
for binomial sampling models

· Gamma-Poisson : Gamma priors are conjugate
for Poisson sampling models



· Conjugacy greatly simplifies posterior
computation



Part I : Beta-binomial



The binomial distribution

· State space Y = 50, ..., n) .

· Y-valued r. v . Y- Binomial (n , b) if

p(y(z) = P(y=y(t) = (y)bY(l - 2)" -%
.

↑
Recall , this is just the definition of plyla

· Binom (n ,G) represents the probability



of obtaining a given number of successes

(y) in n indepent trials , where each

trial has the same probability of

success , GETo, 1]
.

· Examples
~ Number of heads ina flips
· Number of defective items in a batch

· Number of people who vote "yes"



· If Yy , ...,Y Bernoulli(e)
,
then

p(y, , . . .,Yn(2)=(i)=(a)
= fyi(1-o)-y = -[Y(1-an-Exi

=> Y=Y ~ Binomial(n
-

sufficient statistic for O and ply ......Yn10)



· If Yu Binomial (n , f) , then

· ETY10] = no

· Var[Y(0] = no (l -2)



The beta distribution

· State space D = 50 , 1]

·⑪ -valued r.v . ~Betala , b) if

M(a+b)P(o) =

+(a) + (b)
fa

-

1(1- G)b- 1

< Ga (1 - z)b
- 1

↑
"proportional to

"



· IfOrBetala
,
b)

,
then

· EtoT = ab
ab

· VarTE] =

(a+ b +1)(a+ b)2

· Beta(1 ,
1) = Uniform (0 , 1)



Conjugacy of beta-binomial

· p(b) ~Beta(a , b)

· Y -Binomial (n , G)

=> p(y) = (Y)8Y(1 - 2)n
-y



· Recall HW1
, problem B1 :

If p anda are proportional pdfs on

the same space , then p= g.

Poof . p(q => 7 (>0 St . p(a) = (q()
VAED

.
Therefore

,

1 = Saplodo = c(q()d = C .
I



· Compute posterior :

p(f(y) < p(y(a)p()

= (Y)Y(1- z)n-y ga
+

(-

Cfy
+a+

(1 - z)n
+b- y - 1

A

So p(fly) is a pdf on 10 , 1) proportional



to Gy+a- 1
(1 - 0)n+ b

-y - 1

=> p(0(y) = Beta(a +y , n+ b-y)

· We have proved the following :

THEOREM (beta-binomial)
# Y - Binomial (n ,2) and p() = Betala ,b) ,

then

9 (f(y) = Beta(a+y , b +ny) .



· Posterior mean a combination of prior

and data :

Ely]=
n

-
a
t Y

a+ b + n a+ b + n

=
G

*

a + b
t Y *

R

a+ b +u a+ b a+ b + n U



= (ab
+ (at+n)in

g I
Mean of u id

Mean of p(0) Bernoulli r .v .
S

,

· y=Y : = number of observed ↓Yi=
successes in data

· n = total number of Bernoulli trials

· E = mean probability of success (empirical)



Analogous interpretation for prior :

· a ="prior number of successes"

· b = "prior number of failures"

· a+ b ="prior sample size"

·a = "prior probability of success



Classroom exercise.

You conduct a survey asking whether or not

people are happy ("yes" or "no") . 129 people

respond , with 118 saying they are happy and 11

saying no .
Write down a Bayesian model for these

data .
What are the posterior mean and variance?

Solution .

First
,
what is our parameter of interest ?

Aswer : Proportion of people that are happy , EE0 , 1).



Next :

Two ingredients : Likelihood and prior.

Likelihood : We have n = 129 samples Y: where

each yi is 1 (yes) or 0 (no) · Assuming
the responses are lict

, a reasonable likelihood is

↑ (y1. ..., Yezalo) = gy)-2)129-Y
= g(8(1 - G)1



Prior : If we have no prior beliefs about 5,

we can take p(b) = Beta (1 , 1) = Uniform (0 , 1) .

-Computeposterior .

· p(y , . . . . , Yeza(8) = 018(1-0)/1

· p(f) = Beta(1 , 1)

=> p(fly . . . .,Yiza) = Beta (1 + 118
,

1 + 11)

= Beta (119 , 12) .



↑ (fly 1.
. . . , Yiza)

1
I I

1

Posterior mean= 0 . 908

OSample mean= 0 . 915 (a)(a+ b)2

Posterior Stev=12
= 0 . 025 Betalailonce



Part I : Gamma-Poisson



Poisson distribution

· State space Y = 503UN = 50 , 1 ,
2
, ...

· y-valued r .v .
Y ~ Poisson (G) if

p(y(f) =P(y=y(z)=%
· Poisson (7) describes the probability
of observing a certain number of events



in a fixed interval (e .g . time or space)
when events occur independently and

the process has constant average rate O.

· Examples
· # of emails received/day

· # of cars passing through intersection/hour

· # of typos/page of text



· Binomial : Fixed # of trials

Poisson : Fixed interval

· If Yu Poisson() ,
then

· ETY12] = Var(Y1o] = 0
.



Gamma distribution

· State space D = to , a) .

· -valued rv. A-Gamma(a, b) if

p (2)=ba fate-bo a fatco
for a

,
b = (0 , 8).



· If G -Gamma(a
,
b)

,
then

· Ela)=

· Var(a]=



Conjugacy of gamma-Poisson
· p(f) ~Gamma (a , b)

· Y
, . . . ., Yn " Poisson (b)

=> p(y ....,YnI)=
- no QEyi

= e
Tyi !



·Compute posterior :

↑ (f/ y1. . . .,yn) < Ply .....YnIG) p(G)

& e-no flyiya- y-be

= e-(n +b) ya+yi
- 1

=> p(fly....Yn) = Gamma(a+Y ,b



· Posterior mean :

Effly] = at
=

a
* bb t ZYi *

M

b+ n b + u N

= (pin)i + n Y ;( b + n S h

X ↑

Prior mean sample mean



· n = # of observations (e.g .

# of 1 hour intervals)

· = Sum of counts from each observation

· = average of counts
Analogous interpretation for prior :

· b = "prior # of observations"

· a = "sum of counts from prior observations"

· i = "prior average # of counts"



· Beta-binomial and Gamma-Poisson are

special cases of exponential family models.

See Section 3.
3 of Hoff for details .



Part III : Posterior inference



Prediction

· (2 1 ..., Yn) observations of

Y . . .,/8 ply).

· We want to make predictions about

unobserved based on observed data.



· Given Observations y= (1. ...,Yn) of Y . . . . ins

the posterior predictive distribution of an

unobserved r .v .
Y is

p(y(y) = (yp(y , 2/y)de

= (ap(( , y)p(a(y)de .



· If Y is conditionally independent of

Ye , ..., In given E , then

p(y(y) = (ap(y(f)p(a(y)d8 .

-m

likelihood posterior

· Illustration
. Suppose D = 5-3 ,

0
, 3)

and,0 , 1).
Normal distribution w/ mean 8 ,

variance 1 .



Suppose we find that

· pl-3/y) = to
· p(oly)=
· p(3(y) =
1
10

p(y(y)

↑
p(y(0 = -3) ↓

i)+



· Example . Suppose Y11 ..., Yn are observations

of Y1 ...,Y Bernoulli (E) .
We put a

Betala
, b) prior on o , so

p(fly,, . . ., yn) = Beta(a+ [yi , b + n- [xi) ·

The posterior predictive probability of

success for an unobserved that is



conditionally independent of Y, , ..., In given

& (and also Bernoulli(t) is then

P(Y= 1/y , ,
. .

.,
yn) = p(1(y, . .

.,Yn)

= ( p(((b)p(f(y ,,...,yn)da
= 150 p(aly,, ..., yn) de



= Elfly, . .

.,Yn]

a + Eyi
=

&

a + b + n



Confidence regions

· Goal : Uncertainty quantification

· How confident are we in f

· Before we observe Y ?

· After we observe Y ?



· A random interval [l() ,
uts)] has

frequentist coverage 1-150 , 1) if

P(((y) = 0 = u()(0) = 1- x .

· An interval [l(y) , u(y)] (based on observed
data y) has Bayesian coverage 1-2 if

P(((y) = D = u(y)(y=y) = 1 - c



· Suppose 2 = 0
. 95 .

· Frequentist : 95 % of the time
,
interval

will contain O . However
,
for observed data

Y ,
the interval either contains - or does

not- we have no way to know.

· Bayesian : 95 % chance thatA lies in

the interval [t(y) , u(y)] constructed from

observed data y



· In many cases , confidence regions/intervals
have the same Bayesian and frequentist coverage
asymptotically , i . e

., as na

· Bayesian confidence regions/intervals often

called credible regions/intervals



Computing confidence intervals

· Quantile-based intervals : To make a

100 (1-2) % confidence interval , find

Ea and Fi-e such that

· fl - E

· P(g < fly) = E
· P(r) Pr-z(y) = E



=> P(8 + (7z ,
01 - 1 /y)

= 1 - P(f < 2020 rz(y)
= 1 - (E + z)
= 1 - 2.

For standard distributions
, quantities like

P(G(bz(y)



can be computed directly. In the next

Chapter, we'll see how to compute this

in general .



Highest posterior density (HPD) region
· In general , a Bayesian confidence

interval is not unique.

&I A

12(y) 12(y)



P((()== uy(y)(y= y) = x

AND

P(((y) = o = uz(y)(y=y) = 2
.

· A 100/1- 2) % HPD region is a subset

S(y)[D of the parameter space such that

(i)P(0tS(y)(Y= y) = 1 - x

(ii) If O+Es(y) and EAS(y) , then



p(asly) > p(azly) .

↓
down

until
1-2 inside·Minterval

i



End Ch
. 3


