Hoff ChA : Monte Carlo



'PFQV(OUSI\/. COY\'jU\ijLCy led 'h? pos)re,(ior

distcibutions with simple, closed - {orm

expressons for, eq, mean and variance.
o Beton + Binomiad = Beta

o Qomma + Poisson = G\amw



However, even Hor these Simple CO"j“ﬂOC"C-
models, pPostesiof inference. com be hoed .

Looking back ot the dentod health CDC date o
e 43 40 veor old men with 23 unhealthy teeth 4ok
o 57 HO vVeor old vomen W/ 33 unhealty deeth Yool
o Comma(l, 1) prioc
= 0Bl Vo ) = Gamma(24 44)

o (Oyl Yo ) = Gamma(H ,68>
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PFOb\QW\. C\Osed—wcorm eXp( esSS1onsS O-C‘f-ef\

unovou lable.  for p@erc('\or quanJriJr'\es of inderst.

Integrals of +he o

Eff@1y) = | f@ren)de

often extrem e\\j hoed o com Pud‘& exoct \7/ .




o | sw of |0Lr6& numbers. T Xi,..-)XS

ace d copies of cv. X, then

O
[im —'S‘ZXi = E[X].

S—=> o0 (=

® More gen erally, for (d mos+) oy fun chion "f ,

S
i —é—éﬂxﬁ = EBO@}.

S —7 o0




Side note: For any Z)—va\ued candom var(able
Z ound any event A éz/ we have

P(zeA)= E[1(zeA)]
where IL(Z 6A> s 4he [ndicotor fanchion
(1 ZeA
O F Z¢A -

1(z€A)= -




Compujr(ng ‘P(@W - 6‘“ ‘ 7’(\'\ /7w>'
e Diow S samples O, 4 < G:]o.mw\a(zq)l-lq>
* Draw O samples @W,if({d/ G\amma<3/-|/53>

- P(e,>8, %3, ) = [1\(

S
= 52 16.78,).

7 N\



Monte Caclo: LLN for postecior infecence
® SupPOSa We  draw 5 I\d SampleS

o, = P<9|Y>-
Then for large S, by LLN,

O
L2 46)~ [@H@p@\y)d@.



o Fosterior mean s

5,-+> 6, — E[6ly]

1=4 b

e tosterior vacionce -
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* Pobability ©<c:

é‘i 1(6, <) — E[L(e<c) |y

o€ (0,1)

o &ua«\Jﬂ \65/

The o quontile ot 8|Y IS o Value

du such thed



This debnition Cequires

_ Sowme aswvv\@%‘@ng about—
P<9 é ﬂd l y ) - O< ’ Hre Aickribuhon of ><} bud
well skip Ha wore SQ/\QMJ

debifion o S\‘MQ\&Q'%'\/,

To estimote C\d \AS\Y\ﬁ Monte Coclo:
(1) Deaw Gi@ p(%ly) =4, S

) Pick  q,6) so 4hot 100 % of
SamplesS  ore éo‘&(S)

- qd@) v q, s S—> oo



Bayesian stats in a. nutshell.

e Come uwp with model
o Prior, \\kelihood
e Compute poSterior p(@ \y)

e Drow samples O, O from 0®ly)

o Ma\(e imce,re,noe,s Vi Monte Coclo



Monte Caclo ecror
_ S
® How much does Xg= -\'S-ZAX[ fluctuode
cround s wean, E[Xc]=EX]=p?

Sek 62=V0((X)- Since Hhe Xl are 1id copies of rv X/

E[(%s- )] = Vw(Xs)—S‘—i Var(x,) = = g

T
—> Root mean squoced ecroC =
. IS



e T+ we |
opproximote g%
= Voc(X) b
b4

» _ |
S S-| Z(Xi“isy

=1

=}
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the
n Hhe Monte Coaclo standod
ecroC  |S

Os
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e The Centcol LimH Theorem (CLT) gives on
even wore Complete Chotackesization of MC error,

CLT. Tf X, %X,,... 1id coples of X with
[E[)(]r-]uk ond \/&K<X3=Uz<oo/ +Hhren

\rs« < Xé— PL> di st ibuhon . )\((O; 02) |

S —
Equwo-\en‘|'|\/, % ( XS — P) d% N (O / 1.) :

- S
0 Here , Xg = ?\S'% X



/A\ NoN- Ba\/eSian\ examp le_

e Qoal : Find the area. of o circle of rodius 1.

e One approac}\ S Yo we Colaulug

y=JI-%

Area = 1 (i \\1-3('? dx

Use +r\6 rules 1o solve.




e MOY\‘[’& CO-K\O 0-??(0&@[/\ Civcle or ball of radius 4

/

o | ot B‘: {(x,y): xl+y14l§

o Let O be the squese gound
B (side length 2)

o Let XY S UY\\“E)rmC-l,i)
o Then :

Area(®) = P((XY) €B) Area(S)
= 4 P((XY)EB).



Acea(B) = 4 P((X,Y)€eB) = 4

[160eB)]

B\/ LLN, ¥ we draw O samp les X-\f"\“}umxﬂ(-l,n)
OuAd \(i’llfl‘UY\\“(: (-‘,'), ‘H\QV\ ‘FD( \wse S




More ger\exa)\\\// 4o approximote volume of wnit bl
J
— d
Bi(O>=§\><€1R : éx? < 1%,
Sene,ro:\'e. S xd modrix
Xy X X\d
X = ‘; ;
Xoy Rg = Agy

where each X L unik(-1,1)



Then

\Y
O\ (Bi(O)> =
1(X;
A*H+X2
w<1>

21 %
[ MC/)



Monte Coclo vS. detecministic geid .

* Grid approack to numericak \ntegradion

f: £(x) dx

o Split [a,b] b (x,, %Xy, ..., xy)
\N»\U‘C Xo=6  Gand X3=b and
X{ < Xiy YV 1= O, ., S-i.
o T"\e«n ) g-!
f £ (x) dx ~ Z‘F(Xi)(xm“xi)
(78 \-._._.1




IY'\ d—dimensior\S) kawe_ 3d 6“d PD(V\'\‘S.,

51=5

5%=12S

5= |25

S‘Oﬁf IO/OOO/OCE ¢ = - . -

S%° x 100 trilljon : R |
Y:‘F (x) dx fblfbl_p (,y) dxdy




Monte Corlo wnvuﬁancm oke (S -\I—LS—

Depends  only on # of samples, " dimension 4ree "



Beto — binomial exam ole

* Prior 2 P(@> = Bd:&(LD
® Observations \/\/'“/Y\ol o X Bemou\l(<9> with
Z\/\- =3

° P<® | ﬁ/vJ = Be’ca(L\ ) %> .

e Since +he postecior has closed rm, we

Can (,om?quQ Cectain pos‘\’ar‘\ovr quaeriﬁcS

exoctly. Llet's compore these to Monte



Cox lo  approximations.

- 2V,
o Fostecior mean {6\\/“] - Z++b +Yh

o Posterior Variance

- P(O<21y)

o A ©.1 o\ua.n—\—i \e.



Postecior infecence of o« bilrrw\'/ functions

If intesested in a fnction g (©) rodher than

© ike\f, @n generate iid samples Vi

for 1<£1<¢8+
- Somple v} L P(@\\/)
> Set y, = 5(@\).

Then Yy,--%s ~ plg@1y).



© EXO.W\P\Q (50_& Hof¢, Section H2 for de_4w‘|3>2

log odds (8) = \03< \?e >




Sampl\'vw\ from i\om-\- POSTer or

—>
¥ 6=(8,,8) €R' A +he
Pwame:\'efs @j OSfe COr\dthiOY\al\\/ iIndepend ent

8\'\1@4\ ‘the dota N Then We can 36namd'a
= \\
id  someles @C\) < (ed l y> Vio.

Lor 1<1< S
for 12424
- drow @.jNP(93\Y>




Sompling from postecior predictive. disteibution
PPD s (assuming Y, cond. ind. givea ©)
S(al5) = f@pw SYGEAT

for 1€1< 9
- Drow O; ~ P(elvﬂ
+ Draw G~ p (Y1 B))

= i(®1,§1>1--'7<66/75>’§ = S \Yldepe«(\ClCV\‘\'



Samples  4rom P(@)\/V\+|I_%> Gnd

i 371’ Y S//S‘lg Id SO”M\Dle3 trom P<\/r\+4 '7;>



Pogterior predictive. model Checking

® How pl&uSib\e IS oWr moalelf.2

e Suppose. We're intecested in Some  test

Stodistic t(?,) of the do&u/ eq:

LI =42,
=1

1+ OUr proPoSed B&\/eswu'\ mode |



o(01F) < pRile)p(e)

S veasonable ) Yhe Yest values ‘l‘.(\—)(f“’d >

>

w/ dadasets Y‘:?A drawn fom the PPD

Pl Y& _\7> :{@P@M@) o(al3,)de

Showld resemble the obsecved {’<?n3-



Dasic  idea s

« Simulate  datacets Gom PPD.
» EVOJLLOC\—L t on S\M\AL&+ &C\ d&‘\’ a\SQS('S.

e Cke_c_\( \N)I\L‘H/\é—( ObSQ(VZC) ‘t W\CC\'C}\&S
'\'\/\os& evaluoted on  sinuladed data .



Monde Carlo aporoacin.
for 121 S
 Sample. O~ p(8]¥n)
- Sample Yt = (v, v ) ©plyle)
- Compute  t;= £(35%)

Retwen : Samg\es S}‘ti, ..,)’tgg from  PPD of ‘t(?:ra)



See dental health code Afor exXomple .

tnd Cu H




