
Hoff Ch .4 : Monte Carb



· Previously. Conjugacy led to posterior

distributions with simple, closed-form

expressions for, e .g., mean and variance.

· Beta + Binomial = Beta

· Gamma + Poisson = Gamma



However
,
even for these simple conjugate

models
, posterior inference can be hard

.

Looking back at the dental health CDC data :

· 4840 year old men with 23 unhealthy teeth total

· 5740 year old women W/ 33 unhealthy teeth total.

· Gamma (1 ,
1) prior

=> p(fmIYm) = Gamma(24 ,49)

p (w/Yw) = Gamma(34 ,58)



Probability that Gw > Om :

#(Arm1Ym.Yn) =J(EmiOwimiyn) domat

= (8 plamlYm)9(8wIYn) dEmdOw
X

/
Assuming Om ,

On conditionally independent given data

=

49Ygg34 /8/8w3-49EG33-58E↑ (24)4(34)



Problem
.
Closed-form expressions often

unavailable for posterior quantities of interest.

Integrals of the form

#(f(f)(y) = (af()p(f(y)da
often extremely hard to compute exactly



· Law of large numbers . If X1, . .

.,Xs
areiid copies of r.v.

X
, then

lim -X = EX
S - x

· More generally , for (almost) any function f,

lim f(x) = Eff(x)] ·
S ->x



Side note : For any -valued random variable

Z and any event AZ ,
we have

P(z = A) = E[1(zA)]
where I/EEA) is the indicator function

#(z(A) = (1
if z - A

O if ZEA .



Computing Pow > Om/Ym ,Yn) .

· Draw S samples Am
,
i Gamma (24 ,49)

· Draw S samples Aw,i
i Gamma (34 , 58)

· P(OmlYmY)= /1(8w> @m) /Ym ,]

=wim



Monte Carlo : LLN for posterior inference

·Suppose we draw Siid samples

Gp(0/y) .

Then for large S , by LLN,

*fo)py)



· Posterior mean :

S
-Es Site i
-> E(ly]28

·Posterior variance :

st(0-Es)-> Var((y]



· Probability C :

-1(0 = c) -> E(1(2 = c) (y)
= P(b = cy) .

· Quantiles .

2t (0 , 1)

The"quantile of Fly is a value

9 such that



This definition requires
some assumptions aboutP(b = qc(y) = c.
the distribution of X

,
but

we'll skip the more general
definition for simplicity.

To estimate9o using Monte Carlo :

(i) Draw Op(f/y) , i= 1, ..., S

(ii) Pick 9 ,(5) so that 1000 % of

samples are [qa(s).

= 9a(S) > 9 as S > x.



Bayesian stats in a nutshell .

·Come up with model

· Prior
,
likelihood

· Compute posterior ,
p(fly)

· Draw samples Of , ..., Og from paly)

· Make inferences via Monte Carlo
.



Monte Carlo error

· How much doess= 2 Xi fluctuate
around its mean , #*S] = E[X] := m ?

Set 2= Var(X) .
Since the X; are iid copies of riv.

X
,

Ell*s-4(2) = Var(*s)=ar(xi) = 552

J
=> Root mean squared error =

S
-



· If we approximate + = Var(X) by

= 2= [(Xi - *s)S

then the Monte Carlo standard error is

Es

5
J



M +T
-

X() (2)&mmmmm true
M

& mean

-mmm⑳
- (3)

M-t
- Ys

A I D

m 25 100

# of samples , S



· The Central Limit Theorem (CIT) gives an

even more complete characterization of MC error.

# If X ,, Xz, ...
did copies of X with

E[X] = M and Var(X) = +28
,
then

v5( *s
*

-M) distribution
> N(O , +2) ·

Equivalently , E (*g-m) >N , 1).
*
Here , Ys = Xi



A non-Bayesian example .

· Goal : Find the area of a circle of radius 1 .

·One approach is to use calculus

Y =Fr

·
Area = 4)#xdx

I Al Use trig rules to solve.
- 1 1



· Monte Carlo approach Circle or ball of radius 1

-
L

2 · Let B =((x ,y) : x +y* 1)
· Let S be the square around

B (side length 2)
⑳

- 1 2
· Let X

,
Y Uniform (- 1 ,

1)

· Then :

- 1

Area(B) = P((X,) (B) Area(S)
= 4P((X ,Y)EB) .



Area(B) = 44)(X ,Y) < B) = 41(1)( ,X+B)]

By LLN ,
if we draw S samples X, Unit ( , 1)

and Y, Unif (1 , 1) , then for large S

Area(B)= 41((iii) +> B)

= -41(X +Y <1)
.



More generally , to approximate volume of unit ball

B1(d) = [ *-Rd.x = 1)
,

generate Sxd matrix

XI X12 ... XId
x= : : S

Xsi XS2 ... XSa

where each Xij
* Unif(-1 ,

1).



Then

Vol(B(o))=XX



Monte Carlo vs .
deterministic grid.

· Grid approach to numerical integration

* So f(x)dx
a

· Split [a ,b] into (Xo , Xe , . . .

, Xg)
where Xo= a and Xg= b and

X; Xi+1 Vi
= 0, . .

., g
- 1 .

· Then

[f(x)dX=f(xi)(xi+xi)



In d-dimensions
,
have go grid points !

51 = 5

52= 25

53 = 125
D &

D & ⑧

510= 10 , 000, 000 ...520-100 trillion
⑤ & ⑤a D

*
* & & ①

I I 11 I
ooo

[f(x)dX /bf(dxdybgfxyzdxlya



Monte Carlo convergence rate is

Depends only on # of samples, "dimension free"



Beta-binomial example .

· Prior : p(o) = Beta (1 , 1)

· Observations Y.....,Yolf Bernoulli (7) with

[Yi = 3

· p(81) = Beta(4 , 8) .

· Since the posterior has closed form
,
we

can compute certain posterior quantities

exactly .

Let's compare these to Monte



Carlo approximations.

· posterior mean : EO)=Y

· Posterior variance

· P(0= (y)

· A 0
.
1 quantile



Posterior inference of arbitrary functions

If interested in a function g(t) rather than

8 itself , can generate lid samples via

for 1 iS :

· Sample G , "ploly)
· Set Vi = g(0 ;) .

Then U2 . . . .,Us p (g(2)(y).



· Example (See Hoff , Section 4 .2 for details) :

log odds (8) = log))



Sampling from joint posterior

If= (01, . .-,d) ER
+

#D the

parameters Aj are conditionally independent

given the data y ,
then we can generate

iid samples, plaly) via
· for 1iS :

· for 1 jed :
· draw Fij ~p(; ly) .



Sampling from posterior predictive distribution

PPD is (assuming Y, .
. . .

,Yn cond .
ind. given G)

p(ymn) = (ap(ym18)(2/y)do.
for 1 iS :

· Draw Gi ~p(f(n)
· Draw Yi ~P(Yn+ /Gi)

=>[(0,1) , ..., (s ,ys)) = S independent



samples from p(f , Yn+17) and

&Y2 . . . , YgY iid samples from plymily)
.



Posterior predictive model checking
· How plausible is our model ?

· Suppose we're interested in some test

statistic t(%) of the data
, e

.g .,

t()=
If our proposed Bayesian model



p(b)))) < p(y(0)p(t)

is reasonable, the test values t(g)

w/ datasetsed drawn from the PPD

p(y/y) = (p((2)p(2(7)de
should resemble the observed t(E)

.



Basic idea :

· Simulate datasets from PPD.

· Evaluate t on simulated datasets.

· Check whether observed t matches

those evaluated on simulated data.



Monte Carlo approach

for 1 =S :

· Sample F, ~p(8/Yn)
· Sample Y = (y,y ((y(0i)
· Compute ti=+(ii)

Return : Samples Sty , . . . , tg) from PPD of thi)



See dental health code for example.

End CH
. 4


