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Ke.ep N mMind 'H’\rouq‘r\ow}".

Gibos sampling 15 o special case  of

\/\ej(oPoll'S—-Hasﬁng\S which 15 o Special Cose of

\ockov chain Monte (Coclo



T. Motivation




Baye&'an Stots in oo nutshell.

1.Come up with model
o P('\o\r) \\\éﬁ\\'MOOd
2. Compute posterior, p(© \Y>

3. Drow  Samples 91,...}95 from p(6|y>

H. Moke inferences vie Monte Coclo

= > fe) ~ E[@)y]



e A .S\'S\m"ﬁcmf\‘\’ portion of Hhe rest of this

course  will focus on  Otep Ry

e \When p(@\y) bclovxgs to a known family
of distributions, eq beta, gomma, normal,

We Con deaw  iid  Sompleg 61 frona p(@\x/)
US(noy Stondord  softwore pac,kage,g.

® for many models, d\ra\:\l\'f\ﬁ iid ©; 1s infeasible



Example s Normal model

TIn  +the last chopler we studid Hhe model
o Y, Y. 18,0 K N(e,0?)  (Lkelheod )
e g? NIC(z,ZU) (Prioc on o)
e Olo* ~ N(po, ) (Prior on 8, gves o)
Which gave the postecior
o(e,0*1¥.) = plela, 3.0 p(@13.)
= N(po, %)T6(% %o 1)



We could sample from this postecior via
Lo Laiad:e
.ot ~Ta(%, ko)
- 9, ~ N (Hh»%‘—t>
= St<ei)¢.z>§i4_ id Semples  from 9(6/61\7.)

i@&ii lid  Sowmples from P(®\7n>



However : The above model suppoSes  that uncectminty

about O depends on G,

* Suppose instead We wont independent priors, 2q)
o O ~ N, t2)

o O‘ ~~ Ie\ 2 ) {G‘ )
Unlike the previous model whece

|y, ~ Ta(% , %ao?),



n - This medel P(Ulﬁw IS not o inVerse

GoM MO distriburion, nor any othec distribution

we aun easily Sample  fom.

—5 the Samplmﬁ Scheme is infeasible.

So how +o sample fom P(@,Gﬂ?ﬂ?



1\\\ gi\l& the brief answer \'\ere, as O Pfeview
of what's 4o come. Then, we will step
back and \lcok g the biggef P[d-we.

The brief answer

Tnstesd of finding 0(810%¥,) and o(a*13,),
we will compube the Afull conditionals

p(@ \q%?/ﬂ and p(qz \ 6,3’/&



We will then generode  somples  viee Gibbs Somplmj:

Set stacting values O, oo
for 121238
- ©,~ p (O] 52,3, )
o gt~ p(9? 6\-,?/’“)
Retuen i(ewcﬂ}io-



Tmpoctant: These samples are not independest.

5]

_ [4(@)@) P(e,oz \?n) dOdag*

However, they still sodisfy

i %Zf(es,ﬁé): . [f(@ﬂz)

S0




Gibbs SamPImS IS o Specific cose of

Morkov chain Monte Coclo (MCMC>



Ovecview

o Suppose We Want to Sample from a densiy
Pe ) €90 P = P@\\/)/ N ordec to evoluate

| £(&) p,()d®
but  we 't sample drom D directly.
o Instead, maybe we Con ConStruck oo Sequence

@@“’Po ) @m"’ﬂ' S(Z)NP

20 -



such +hot +he densthies 'PS Converae to P*
oS S‘—> A . —W\e)ﬂ (\OOS&\\I S’t‘:ﬁakiv\3>'.

\ [ f@)p)de — | f@)p (8) a0 i

- | {40 [p@-pe)] a8
= | 1FO| |p@-p6)|d0 — O

asS S— o0



6(0) 6(1) 6(2)
2

pa 2

bbb

@<5> ..
@(5> ..

@(5> ..



McMC : The basic (deo

SCJCU\.Q. We have o B&ye_sicw\ mode

_ _o(yl8)ple)
P(@l\/>_ ' YP(YS

Whece © =(@1, ._.,943 QTRA.

GIOC«-\. Drow <approxima‘\'e> Sample.g fom P(@\y> 3t.

S
52 (8 ~ LRA fe)plely)do. ()



LLN. Tf ndependent samples fom p(Oly) are

ovailoble, we con Aust apply the law of Loige
Numbess o gd' (>\<> Tf we can't deaw
Independent somples, we con instead tey 2

MCMC. Construct o Moarkov chain
—- o (\) (2) (S>>
682<e())9 )6 1"‘)8

thot satishes ().




EX&mp\eS of MCMC &\3or\+\nm8.

° (Qibbs Sampling
o Me&ropo\\'S-HaShr\SS

o HomiHonion Monte Corlo (HMC)



Mockov  chains

A sequence of random variables X, X, ..
IS & Markoy chain i+ the probability

of the next state depends only on the curent one:
POy [ Ximxes ) %omxa) = PO x| X = %0 ).

"“The futuce s ir\def)ende,ﬂ‘\‘ of the Pa.S'l' SNM the P(esen—\—"



EX&W\Q\QZ E\amb\\'n3
«We hove a coin with probability of heads = €

o Tf the coin lands on heods, you get 815 if it
lands on  Fauls, vou lose $1 .

* |et X-\ be how muich You earn on the 4t Plip.

Then Yous Yot eaxmvnfjs oflec n -Cl(ps 'S
n
‘Sn — Z Xi'
=0,



e The sequence (S,,5.,3,,...) 15
Mackov choin @ fotel eacnings  oftec ned
flps, 5n+1/ depends only on +the outcome
of the nit™ flip and the value of S

e Tt's \ndp-CuJ 40 think obout regl-—world
Stochostic processes  +hod ore and gre not

Mockov chains.



Tr QMS\'+\'or\ kerne\ S

The Aronsition kemel of o Mackov chain s
o funchion Kn: XXVA&_>[O,’L-] gjiven by

K (=AY = P(X €A | X,= %)

W\nere_ X S the Stote pace, oond ,\A -H'\a

colleckion of all events. The Maxkov chain
1S +ime,—\'\omogleneous it K“-: Km Vn;tm.




e We'll generally assume time-homogeneity for simplicity

- IM—\L\HVC\\/, K(X/A> \S ‘H’\e probab(lﬁy ‘H’\w\"
You end up In A< X in the next step,

given thot Your cucrent state & x.

K (st Srw)

X X




o EXOJMO <Gamb\\nq CD/\JnmAed>

In +he gamb\w\ﬂ examp\z above,,

(6 f y=x=+1
K(X/?LY%): 11-6 ¥ y=x-1

8) othecw S e

\

| { | |

X-2 X-1 X X+141 X+ 2
Current stote



® Transition kemels “act” on probability measures.
Spec;( Lcal \\/ ; (et
o TT be a probo.bi(\'+\/ measure on (X,x/o

W\ﬂefc % IS ‘H’\L s%oA-e Spale and f\A
IS the collection of all eveats. So +he

probability of eveat A s TV(A)

o K= X x «A—% [O) ﬂ be oo transition kérnd

Then KT is o new probab\'\\'*y measufe onNn



(‘X/\A\) given by
Kir(A) = | KGx,A) m(x).
X
= f')( K¢ A) pG) dx.

Observe +hot this 1S in fact « probabl'\ﬁy MeaSure , &)

Kr (00) = fXK(X/%)TT(dQ = [Xﬂ(c\x) = 1.



Tntuition.

Imagine TT as the distribution of a unik mass

of sand ot o construction site:

17 = distcibution of sand

a N

P ——

7-dimensione)  construchon site X



The 4ransition kernel K(x, A) gives the probability
O‘F moV(V\S Sou\c\ ‘Gom eoch po(w\- X into eaclh Set A

Sand ot X

(/!

7-dimensiono  constuchon site X



KT s the distribution of the sand after one Step
of the Mockov cheun, e, after movivxﬁ sand  from
eoch pownt X 450 @S next+ location acc_ord\'uﬁ o K.

K'IT = distcibution of sand afler one
Skp of K

7-dimensionel  construchon site X



Recause KT is self o probability distribution,
we G aaen apply K to it

2

SUE K(KT{)(A)

= “XK(XU A> K (dXD

IXL{ K<X1,A> K(XO/C\X1> W(dxo)

1 :
K™t is the distribution of the sand afler m steps



Thnvariont wmeasures

* A probgbility measure TT (S invaciant for K
+ Kit=T1T (&nd hence KM= 11 \v’m>

o | ot T, be the unique invariant wmeasuce for

K. Undec certain C\SSump’\'\'onS,

m
KT, > T,

0S M —>o0 for any indhial distibution T, .



® Let's recall ot this point our primary geal:

Consteuct o Moackov chain 6@, 80)/...

such thot ‘he 9(0 ofe. (&prOXiYV\CJ'e>
Soumples {from the Posk:lo‘r P(@\\/) sOA\'s{y{,,j

S
lim 52 £6) = [4@ply) de.

S0 \



e Thus, we must construct owr Mackov choin in

G mownnec ConS\'&\—en‘\' with P(Gly) (no-\- Ou\\/
old Mockov chain will dp). Specifically, we
am to construck ¢ Mackov chain  with

NVeciant  Measure p(@\y).

— TF 6,69 89 s & Markoy
chain W/ kernel K and K-invasiant measure p(ely),
then by , 0™ ~ K"y

(@

Sample  from 9(9\\/ ) for Sutficiently \&xga m -

IS an approximate



One more example ¢ Finte State space

e Tor finte stote Spaces s

o Probability measueS oce vedor
o Tramnsition kesneld oce. matrices

o let's consdec the stode space X=i1,2,3}
o A probab(\\'+y distribubon on X 8 a - dimens ionad
vector of nonnegative valuey whose sum s 4

i 3
T\'-_:(nlj w/ TT\ZO Gnd (=Z|1T"=1'

T3



1T, = probabi\f-h/ ot be'\v\ﬁ in State 1

o A tronsition Kernel on X gives probability of Qoing
ffom one  Shde o amother, €9

0.6
%

0.3
T\/@Do.e
O. 2



® This con be written in motrix formn :

0.6 O.2 0.1
K — 0.3 0.6 ©.3
0.1 0. 0.6

K\'f < R = lX J>



e TTC [R3 S on inveriot measwe for KO£

Ko =

le. i T IS om elgenvector of K w/
el'gex\va\ua 1



McMmce SUMMOLr

o (Construct Morkov chain w/ invariant measure p(eiy>
Stocting fom  avy  initial stede o) ~ TT,.

o for S\A‘FQ\‘c,(en‘H\/ \wga M, the wmt Sampla

~ K'mr, will be on approximate Sample

from P(Gl\/) ond for S>m,
S
T2 (6)= [ f@)ptely) do




. G\(bbS 5&m§>lmﬁ



* (Gibbs Samo\\'wg 5 an MeMe algotithm  that
Con e used wWhen we know the full conditioncls

° Sggc(wc\ca\\y, let O = (91, _ 933 S IRA be o
d-dimensiona  porameter. The Ul conditional of 63 IS

9(93\ 91)-'-»9'3—1)9341) 198 /?n) - P(ej | —6-3 191 >

—_
Whese 8‘j = (91,...,93‘_1 ;eyl ) ) 6c.\>



Gib
bs
" Samp\(r\q o\
- _é(o) qori-Hr\rV\
for L€ 1< S . -
— . .’/ o
A 6(1') | )
1 N
P(@i‘ e(i-\\
N 8(‘\'—\)
d _—
/ \/r\)

. @(Q,\, (
Pe (1)
e, ey, &
Jed17

1/96) e
), 8, 8
- ‘) —
d /\/>

O ~ P( dl (1‘_)
) T (“
“) d—)‘ ) \/un3



e Return 51 —ém e < 57].

° Unde,r cectain aSSu.MQ'\‘\'OY\S ’\"V\@:" \r\o\d €D( '\"/\Z models
considesed in Wi couese, 18DV 1212397 s

o Moackov chain Sah’s«fx/n’vxs

O = —
i 52 £(89) = [ 6)p(815.) 3B

S—= o0



Exomple : Normal model w/ independent priors

e Y,, ., Y. 18,0 CN(e,0?) < Likelihood
e 8~ N(pot3) < prior for

v otn Ta( %, % op) ¢ proc for o

e Tn Ch S we Sow That

p(ele,3.) = N (e, T2(e))

(SC& Pre,\l(cus r\oks ﬁr Vo»\ues 0—@ P" and ‘C:)



o After some mathematical manipulodion (see Sedhion
6.3 in Hoff) one finds Hhat

o(@le,7.) ~ 16(¥ , % o2(6)

Whece V., = Vot+tn  ond

520) =~ [ ol + nsi@) |

where Si(@B = Jh' Z (\/‘.- 6)2—,



* The Gibbs sompler fir p(0,0*15,) 15 Hherefire
o Tnitiolize O g2©
cdor 1215
. oW o N( V“(ql((-‘)>/ = (01(\‘—|)>>

o0~ T6(% % oY)

= i(e(ﬂ) sz> lene Si approximate samples fronn
P(a | 0—1 l?n > :



1\VA Me+r0polts—\—\as+in35



e The Metropolis (1953) and Metropolis-Hastings
(\Q?O) a\gof\"\'\r\ms Provide ways to sample fom
essen-\-ial\\/ ouny distibuhon

® AS We,‘u See_ be\ow, G\ibbS Samplif\‘(j IS SPCQQ\
cose of MH when 4he Al conditionals are  kwown



IThtuition
° 6@&_\ - Construct Mackov chain with nvaliant measwre P(e\\/>

e Suppose the curreat Stadke our Chain is 9(5}.

e We wont 4o propose @ new value/stote e*
o To satisfy Markov property, OF should depend only on ©F)
o Exomple 2 o* ~ N(e@), 82>

oposal distibuhon —
SE1E)-N(ES, 2%

o(8ly)

é(s)



e Is OF & qud &t for ploly) 7

o TF B 15 o qued A st Oz OF

o Othegwise, " occept” O w/ some probability r.
® Tntuitively, ©* is o good H+ if

o(&*ly) > p(e®ly)
or, equivalently, i

p(E*y)
o(e91y)

> 1.



9@5@ \ Y>

@(S)

@
BY Dayes rule,

(&) olyle¥) p(6%)
— py)
__plyle*)pe®)

(A -
o(89ly)  p(yleMp(e®) T
507 p(y189)p(e?)



M etropolis — Has+(r\63 algorithm

® Specify a proposal or ‘\juMPi“S" distribution  J(6*|8)
o Tnitialize OO
« for L2123

o Semple %~ J(&*|6¢N)

C o p(yle®)p(e®  J(e“"|e%)
PR pe™) T (8% &)

St O = ©* W/ probability min{4,r}
o e -
8 otherwise

* Return somples ie(ﬂ: 1'=O/~-;37I.

o Compute




o Tf +the proposal distribution s _Symmetric | ve.,
Je*\18) = J(elex) VO,8%, then

oGylevpE  J@EW|e*) _ plyleNe(e®)
P(\/ \a(i-')) P@(.--n) 3(6*|6("’“) - P(\/‘a(i-')) P@(c-n) :

This is the Metropolis algorithm .

o Exomples of sSymmetric distribubions
o Normal = J(©*10) = N(O, ¢2)

3(0*16) = g exel- (22 Y = 3(eler)

o Uniform: J(6*|0) = Un(@um(@-i,@*-i) , €>0.



Example = Nommod w/  known variance

° \(U*“)\(n\elgl e N(9162>
e 0(8) = N(po2)

* Tn Craptec 5, we computed The posterior P@\GZ/?»«)
in closed “orm. Oince W} Was a. normal, we could
Sample from it divectly.

o Sug)pose, L\OWeVe.r, We want o fun Me:h'oeo\l's wH—\/\
a norwal QfO?OSO-l/ e J(e*\9)=|\(<8, £2>.



e 0(J.19)= Til- o(y 1)

= TT (o) *epl- (452

= (21-\'0'2)_% exp {_ C;z. nZ (7’\’9);}
. P(@> (2me ) exp[ (&L) ]

e"PL_-Z(y 9*) J eXPL“ __;6_;0 )

~
2

= r= - 7

2

exol T (-6 exp - (L) J




- g (TG00 (-0 - (S (L)*‘—ﬂ
Toke \05 %f nume(ical S+ab(h’+\/‘-

4=~ <Z -8 <Y*'9@>1> = [ (61 - (6" f*"ﬂ

YYH'V\% 1, r)] <~ KY\iY\SIO, \03(&3



A\goc o
. Tnitialize ©©)

e for L1 S:
. O~ N(@G-l\}£2>

e Compute \Og(r ) 0s akove

o Dow w ~ Um“(:orm(o/iy

L g0 {87 logl)< loglr)
') olecwise

e Retwrn i 8(0), . @(5)}



/. Mcme diagpostics



Summacy  so fer

When we comot drow independent samples fom —the
postesior (or any d“*‘"*’“*‘“)/ we can use Gibbs/
Me’ﬂopo\(s/ Me;\fopo\\'S—HaShr\SS/ MCMC 4o draw

Corceloted  Somples 9(0,_.., S SUNN P(e\\/) SuCh that-

43 10)= o

S—= o0

C—\(@A In ‘H/\eory. Whot obosdt in ‘prac,‘h'ce?




Intuition
eWe want the empirical distribution of the chaan

@(ﬂ, " ) ((,1./ the histogram of these samples) to
resemble the dme distribution 0 (Oly)

o This (equires The chain +o Su%'c,;e_,,\+\\/ explore e
5"_&'\'(, gPaCC, 6,3 ‘) \'—\— Can ‘+. SQ:\_ \\S“'U.C,kh

o(ely)




o Texms/ PkraScS ke Y“the chain has achieved

Sjrahor\of\"r\,’ “ o “the chain has converqed” of

“%DOA m(x\'mgll refec @ an McoMc Oulsor\')rl'\vv\

Pa&wmiv\ﬁ We,\\

MOTC ‘FOTYV\OJ \\/




e Is S \GJ‘SQ. cnouﬁh “that —\\S_Z“C<®m> IS & good
approximotion  of f-@(@)P(eh,) do ¢

e for classicl Monte Caclo (independent Samp\e3>
we saw that the Monte Caclo eror s

IE[(“SZF(G“’) = | F(e)p(elﬁde)l] = Vax( —‘S-ZF(em))

_ 1 N _ Vac (£(0)
= & 2 Voc(f69)) - <Se> |




Thot S, ‘Hr\e Stondocrd devietion of the ecror
in  the opproximation

ORICHR H<ei>p<ely>de

= —— 4

Soes o zero ot rote \\-S'

® For MCMC, Soumplﬁs 6(") ore. not |'ndcpcnc\en+.
The\/ Con 3& Vstuck” N cerdtoun res\'ons of state

Space Causmf) MCMC to be wvery Slow



p(e V)

N/

6(5)

o Se‘\"l’ir\ﬁ ‘€(6>=6 for SiMp\\'C\+7/ (‘Hr\ouﬂ\k the
Fv\\ow&v\ﬁ holds  for most  funchiows «f> ond

9 = -\S-ZSQ) ond 9*:f9p(6|y>d9, the MCMC

S

erer  \S






~

.é'_ r {(@“‘- 8, (8Y- 6,.)]

I¢J
\/
Addihioned egcor  from
corfelahon In Merkou chaun

—

o The laa-t Sample autocofrelotion funchon s
v,

S-t
‘ S Z (e() _é (e(\*f) )
&C\C\:(e( )) ) 6(8)) — : *15 l . —S 2
S-1 1 121 (6(‘)— eg>



Helpful to write oud explicitly. For example, if
S=10 and t=H, then the sum in the numecodec becomes

G . — . —
ZL (6(‘3— 6\03(6(‘“‘)- 6‘0) 6(” 93 5 6 > 6() 83 ~ON 6\o>
1=
(6(3) 9 3 6(4) 610> 6(4) 93 e(s) 6\D>

+(6”-8,)6"-8,) + (6°-8.)6"°-5,)

) . I v
(C N | T+L 1+2 - - . 1+t



So acﬁc IS basn’cally the ave—mﬁe orrelohion in

the chain 9(4’), Ry 9(5) between S&mp\es thot are
t  Steps oapact.

o Another d\‘agnosh‘c metnc s effective Sample Size .

Ihjrw'{—we\\/ tWs  measuces  how Many ndeperdent sampks
Samp\es oce needed 4o obtain Hhe some accuracy 6S

the MCMC Samp\ts- \-':prrnall\/, the eflective Sample
Site (ESS> of a chain BOW .--,9@) S



Vor (©)

ESS = -
Var MC_MC(95>
_ Vour (6)
P3RS CRS)

1#4

Vo.r (9> S
L % E|@9-8,)(69-6,)]



e Note that ESS 15 genemlly some fackon of
the totel number of  samples, S.

e T{ samples arc independent, ESS = S

- Large, S Con indicate good MixIng but does not

guaxou\‘\ea . See  mixture ofF normal exomple
in  code

® Thete s Mo definihive way fo tell Wwhether gn
McMce  algorithm (s pecforming well in prackice



o So rely on wultple heuristics, sudh as
o ESS
0 \afz)—’c cutococcelation
o MiXing ot mulhple chains
o troce plots

o domain know \uﬁge,



Fad Ol 6 ad 10



