
Hoff Ch .

9 : Linear regression



Setup
· Data are pairs (Xi . Yi) where XiER* is

an observation of a r.
v. X

;
and yiER is

an observation of a riv. Yi

· Xi = (Xi1 , ..., Xid) is a vector of covariates or predictors

· Y; is a response or outcome

· If the data [(Xi ,Yi) : F = 2, ..., n3 are lid (as is

often assumed) , then each Xi is an independent observ.

of X (so drop the "i") and Y: of Y .



Goal

· We want to model Y given X

· What is p(ylx) ?

· Given newly observed covariates Xn+ 1 , predict Yn+

* PPD : p(yn+ /y , . . . ., Yn)

* Supervised prediction : p(Yn+ l Xn ,
X

1. . . . ,XniX ....., Yn)
· General (additive) regression model :

y = f(x) +c(X)



where f : R
&
-R is an unknown function and

E is random noise ("additive" refers to the fact

that a is added to f(x)) ·

· This chapter : special case of (*) where

f(x) = BX= PjXj , i .e , f is a linear function :

Y = BTX + E
.

· Typically (though not necessarily) , E-N(0 , 52).



Assumptions/notation throughout these notes

· Assumption 1 : Linear model ,
Y = BTX + E

· Assumption 2 : ~N, (0 , 02)

· Assumption 3 : We'll treat the observed covariates

X1 1 ..., XnERP as fixed



· For the observed data ,
we have

i(i) = )+
or ,

in more compact notation,

Y= + E where E -N(0, In)
X

L
nxd matrix of observed covariates ,

called the

data matrix or design matrix



· In the Bayesian framework , B and 82 will be

our parameters of interest . However
,
let's

first look at the frequentist approach to

linear regression, assuming n #of samples)

is larger than d #of covariates).



· Under the assumption that E-N10 , In)
,

we have

/ #, & ,
02 ~ Nn)#B , 01.) ·

The density of in given X , B ,
22 is therefore

p(Fn(X , p , r2) = ((2+) (2)
- -exp(-(Y-*1)

*

(in -*P)]
= (2+r)

- - expl-c (i - xip)2)



· Define the sum of squared residuals (SSR) by

SSR(p)= (y: -xT

YY y = XTB

· ⑨

X



· The maximum likelihood estimate (MLE) for B ,
denoted

as COLS = ordinary least squares) in this case
,
is the

value of B that maximizes the density pink , B, 02).

&
X,
EX,
vary &

"Bas



That is,o =

argmax p((X , p , +1) or
, equivalently,

*as
= argmin[(X) = argmin (XR-XB

B B
Doesn't depend

on p = argmin%.

-(Xp + pix+)+ pX
*

XB
B

= argmin BTXTXB-2BXTY
B

For the blue part : Note that cT = c for any scalar, i . e
., Cette .

so Y = ( )T=Y ·



· To find Bas ,
recall that minima of a function occur

where its derivative is O and second derivative is >0.

· We want minimum of f : R
*
-> R given by

f(b) = biXX3 - 28TY

=> o= f(p) = 2** B - 2TY

=> ***B=Y

=> B = (x)***T



Second derivative
,

25f(B) = 2X
*

X

is positive definite (matrix analogue of > 0) , so

as = ( ** * )
- *

*
+

y

· Important aside : The above assumes XTX is

invertible , which is only possible if n1d.



Bayesian linear regression
· The MLE approach gives a single estimate "Bas
· Bayes approach looks at the full distribution of $
and 52

,
i .e ., p)B ,02/ ,

*) .

· Recall for the univariate normal model we had

two different Bayesian models . In both cases
,

, . ..

,Yn/0 ,
or N(G , +2) .

That is ,
the likelihood is the same. What differed



were the priors :

· Bayesian model #1 (semi-conjugate) :
· p(f) = N(Mo , +5) 3 independent priors

· p(at) = IG),xi)

=> full conditionals :

· p(8102 , Y) = N(Mn ,
ii)

· p(01E ,Yn) = IG(E
, Etr)



· Bayesian model #2 (dependent priors) :
· p(r) = IG), ri)

· p(o(o) = N(Mo , ii)

=> posterior distribution

↑(5 ,02/) = p(f(,)p(o)) where

· polt,n) = N(un , i)

· p(o) = IG), tr)



· For linear regression we have

Y(Xi , B ,
02 NBX , +2) Vi = 1 , ... n

or
,
in matrix notation ,

. . .

.. Yel X, . . .,Xn , p ,or, In) (*)
Likelihood

· As in the univariate normal case
,
we'll obtain different

models depending on our choice of priors for Band &



Bayesian linear regression model #1 (semi-conjugate)
· Likelihood is (*)

· p(B) ~Na (Po ,
2.) Prior for

· p(tz) - IG(E ,
52)<Prior for 52

=>Leads to full conditionals

· p(plyiX ,
+2) = Na(Bn ,

In

· p(021%,X , p) = IG)
,
Vorssrl



where

· In = (2) + ***)
7

· Pn = In (ZB.
+*X+)

· Derivation of p(B1Y ,X , +2) .

For notational simplicity , let y= and X =X .

9)ply ,
X ,+2) < ply ,

X
, +:3)p(p) Goes away b/c X is

= ply1X , 02 ,
e) opixedand Disine

e



= p(y(X ,
+2

, p)p(p)

= (2n +2)
- =expl- (y - Xp)+(y -Xp))((+)"det (50)

-* exp)- z(p - 10)
+

20(p-Bo)]

< expl-z((y -xp)T(y -Xp) + (p- 20)
+

2. (8 -p))]
& exy(-t)tXX3 - EBX+y + g[j9 - 22:)))
= exp(B-(tX+

y + zjB) - [B(=X+

X + [j)p]



By completing the square ,
one finds that the latter

expression is proportional to a Na(Bn ,
[n) density .

· Derivation of p(02/ ,
X

, b) proceeds similarly (Hoff , p . 155)
· Full conditionals-> Gibbs sampler :

· Initialize B(o) ,
82()

.

· for 1iS :

·Compute C = (So + mat XTX)" and m = C(EBo+in X
+y)

· Sample Bli)m Na(m , C)
· Compute SSR(p(i)
· Sample (2) -IG) h ,

VorE + SSr(p())
2

· Return &(BC) ,
pa(i) : i = 0, ..., S3.



Bayesian linear regression model #2 (g-priors)
·Choosing prior parameters Bo , Zo , Vo , to in model

# I can be challenging.
For example the prior

covariance GoER
***

for B has <(c+) parameters

that need to be specified.

· Similarly to the univariate normal case , we can

use a different model in which the prior for

& depends on 52 Specifically :



· Zeller's g-prior is

· p(ot) = IG)
,
E22) (same as before

· p(p( +2) = N
,
(0 , g0z(X+x)=)

for some g
>0 . In this case ,

the posterior is

p (p ,02/ ,X) = p(b(ty ,X)p(02Yn)
where

· p(p1, X) =NX)Xy, (xX)")



· p(ot ,
X) = IG) Votn ,

vot +SSR
where SSRg=

T (In- * (***)**T)

· In this model , we can sample independently> no MCMC

· A common choice for g is the sample size , g= n.



Posterior inference

· So far ,
we have :

(i) Collected data [(Xi · Yi) : i = 1 , . . ., n3

(ii) Assumed
*

Y:=X :
+ Ei w/E, N(0 , +2)

(iii) Set up a Bayesian model and obtained samples &(BP), 02(i)]

What to do with samples &(Bl , 82(i)) : i= 1, . . ., S3 ?

* Side note : Often , one adds a column of ones to X and a

coefficientBo to (B1 ..., Pd) to capture an intercept :

↓

y = 3x + a = (809 , ..., pd)() +=+



Estimating the mean function

· For each B =( , Br , ...,Ba)R
*+1

,

the function

mo(x) = Bix defines a plane in R4
+

· mp(x) is the mean of y = bix + < when [S] = 0
.

· Each sample pli) from our posterior gives a mean estimate :

x
+B(3)

X
+(2)

Y
x

+B(z)
X

+3(4)

Y



· Using our samples BH), ... , B(S) ,
we can compute , e .g.

· The samale mean :

-= [34
i= 1

· 95 % confidence intervals for each X in some grid :

· for X in grid of X-values :

·Compute xipli) Vi

· Take 95% confidence interval forExTp(i) : i= 1, ..., S3



⑳
⑨

x

-
95% CI

D

aka posterior- band& credible
YYY **



· More generally ,
when y = f(x) + & w/Els] = 0

,

want to estimate the mean function Ely(x) = f(x).

Y regression
surface

M- f(x)

-
X



Posterior prediction

· Let X and be the previously observed data.

For new Yn+,
and Xn+,

P(yn +1(vm ,
X

,) = (p(ym(p ,
0

, xmX ,Yn)p(0 ,02/ ·X ,) dBdo

= (p(yn +1(B ,
0

, xm+ ) p(B ,
02/X, ) apdaz

where p(yn /B , 02 , Xn+ ) = N(B*

xn+, +2)



· Assuming we've already collected samples &(4)02())]
e.g., via Gibbs

,
we can sample from PPD via

· for i= 1, . .

.,
S :

· Draw y() ~ N(X B) ,
jac)

· Return PPD samples y(il-p(yn(Xn + 1 , 9 , 02)

· Similar to the mean function
, we can do the above

over a grid of X values :

· for XeEX , ,
. .

.,X3 :

· for i= 1, . . . ,
S

· y(i) m N(x+ B(i)
,
82()



x-
⑳

⑨&Stsing

#



Model selection

· In many applications , the number of covariates X1 ,
. .

., Xd is

((very) large ,
e .g ., genomics (D = 20 ,

000 .
However

,
often only

a (small) subset of the covariates are actually related

to the response y.

· Including only the "true" covariates in our model of y

often yields simpler ,
more interpretable models that

provide better predictions and statistical properties .

· In a linear model we might have y = Bix + 9 with some

of the coefficients Bj = 0 , so Xi unrelated to y.



Backward Selection (OLS-based)

· One non-Bayesian approach based on -statistics

j where B = (X*X)"X*

y=Xi
is to take the following backwards elimination approach :

· Start with full nxd data matrix X and threshold to

· Set m = [1, ..., db
· While Fj such that Itjk < ty :

· find Jmin = min Itj) and remove juin from m

j
· compute -statistics for new X

· Return m



· This procedure has several problems ; for example ,
it can identify

many false positives (see Hoff ,
Section 9 . 3).



The general case
· We have a finite set of possible models M

· Goal : Given data y ,
compute p(mly) FmEM .

· Assume each model mEM is parametrized by Om
.

p(m(y) =

9(y(m)p(m)) prior on models

P(y)

=
p(m)(p(y(0m)p(tm)dam

P(y)

* Since Om defines the model m , gly15mim) = p(y17m) and the arior on models

m is equivalent to putting a prior on Em , i. e ., p(om) = p(m) ·



· If we want to compare two models my and M2
,

we can look at their posterior odds

PCml, =
p(y(m2) p(mz)

X

p(y(ma) p(m2)
---

Bayes factor Prior odds

· In linear regression , y = B
*
X + E

,
a models m correspond

to subsets of [1 , ..., dy ,
i .e .,

m = Sj : Bj + 03



One (of many) Bayesian approaches

· To allow for the possibility that Bj = O for some j , let

diagonal
Bj = zjbj where zjE50 , 13 so that matrix (Eth..
y = zb2x1 + .. - + zbaX + c = 3 zx + E

So zj
= 0 means Xj is not in the model.

=> Model selection amounts to identifying which Zj = 0 .

=> There are
2 possible models

, e.g .,
when d= 3 :

(E1 . E2 ,
z3) + 5(0 .0,0) , 10, 0, 1) , 10,

1
,
0)

, (2 ,
0,0) , (0 , 1 .

1)
, (2 ,91) .

(2 .
1

,0) , (1 , 1 , 13



· The posterior over models is
since X treated as fixed

p(z(X , y) =

P(zX(z)p(z)
=q(z(X , z)p(z)
T

p(n ,X) Ep(X ,
e)ple)

where p(z) is our prior over models , e .g ..
Uniform on the

finite setG(Ey 1 ..., za) : zj 50, 233 = 50, 234 .

· usually take p(z) =t Call models have the same

prior probability).

=> plzIX , y)=



· With Zeller's g-prior we can get a closed-form

expression for p(y(X , z) ,
which allows us to

compute the posterior probability p(zly,X) for

every model z (See Hoff , page 165).



Bayesian model averaging
· Rather than select a single model , we can average
predictions over all models.

· If a model is more plausible ,
then its prediction

should count more.

· Formally , letting y =y and X =X ,

p(yn+ 1)Xn+11y , X)=&(Ymm , xn+,y,X)p(m(xn+ 1 ,y,X)
Sinceas

=InP(yn+
(m , xn+ , y, X) p(m(y , X)

fixed



=[p(my, x)) p(ynlm,m -Xmy,X)p(m ,
X

,y) DO
BecauseEmcompletea

=[p(m(y, x))p(ym(5m
, xn+ ) p(Em(m ,

X
, y) dom

· In linear regression ,
if we have samples [Bl)3 :

BRA=t



Posterior inclusion probabilities

· Another useful quantity to look at is the posterior

inclusion probability :

9 (zj =1(,X)=( ,X) .



End Ch .
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