Hoﬁc Ch 9 : Linear riﬂre_sstoﬂ



Setup

Dota  oce pours (Xi ,Y,-> where X, 6Rd IS
on  observotion of o v X_‘ and Yi & R \S
o obServation ofF oo v Y\ .

X(=<X\'1:-"1Xid> \S o veclor of Covaciates o predictors

Yi & o Yesponse or outome

I+ the dote %(X'\,\/D '- \'=4.,.~,n’% are \id (os is
often as&xm:d), then  each X{ & an independent observ.

of X (So drop '\'\I\(\\i”) od VY, of Y.



Gl

e We want 4o model Y given X
o Whot s p(\/\x)?
o Qiven mnewly observed covariates X, -, predick Y,
* PPD - P(\/m-\\\/u ---,\/“>

X Sv.puv(sed Qred(c\w‘o\a : P(\/y\ﬂ\ LUVEIR TPRPETR S Ry \/y)

o G\\‘-’«V\@fd (&Ad\'“’ives re.erSS(ov\ modd:

Y= f(x)+e <>\<>



where ‘F : Rd-—’ (R IS on  wnknown func hion Gunrd\
¢ IS vYamdom Woise (\\ odditive refers to the fact
Mot €& (S odded 4o £ (X) ).

e This c\r\ap+cr: Sacc,(&l coSe of (*) wWhere
‘F(X)= ﬁTX = j=i ﬁjxj, 1e., 10 IS & ||'n<ar funchion

Y=[5T><+£.

o TYP\CQJ‘\/ (‘erouf}\\ mo—\— V\eccssa_r(l\/BI ¢~ N (O/ Ul),



Assumptions/notadion Theoughoud these. notes

¢ Assumption 1 : Linexs mode), Y = (’;,T)( + ¢
e Assumption 2: € ~ Nl(O,Cﬁ)

o Assumption 31 We'll tread the observed covaciades
d
XX ERY as fixed



o for the obServed data, we have

Ya X1 X 777 Xad (31\ /£|

-+

Yn XY\']. Xaz ~ 77 Xad F)A/ \Er\
or, in mofe Compack wetation,

S'}'h—_: X(S + ¢ where ¢ ~ N(O, g—lIr)

Lr\xd modrix of doseved covoriates, called the

data wmatrix or design madrix




© Tn +he Ba\/es'\cm (\:a.vucwock, (5 amd g% will be

our paramerss of interest. However, let's
ficst  look ot 4he ‘Frequen+l's+ GPP(‘D&CJA 1o
\W\Cﬂ—r rgrﬁ'SS\OV\/ aSSLLVV\\"\S N (‘\# O—G S&MP\€3>

1S \04‘5&( Thon d (4* ok Covaria+(5>,



® Undec the assumphion that ¢ ~ N(O)Gz—-[n), we have
—77'\ \ x/ ﬁ’ S Nn<xB’ GZI“>°

‘n\g c\u\S\'H D‘F _7’_:\ 3\V¢'f\ x, q, gl IS ‘\'\Aac&m

21,67 - (@ ) expl -2 X0V %p)

- (quly% exp{‘# 2 (‘/;'XTPY-}

=1



* Dewc(nc ‘H/\c Sum of Sqwure.o\ residuaks (SSRB by

ssr(p)= 2 (yi-xTp)

P




o The maximum likelhood estmate (MLE) £ B, denohed

A

(305 (OLS—: ord\'\nm\/ \east Sqmc&) n this case, s the

Velue of (3 Thor wmoximizres the density P(?“\X,B/GI),

o(7.1X, 6,0*)

Fix 7,\ X a2
Nary (S




N

That 1S, POLS = wgg‘ax P(7n \X/ (3’ Ul) 2, @z

@OLS = a,fs(:n"n Zi(\/‘— XT@)l = MSMM (_%-XFJ)T(:Z‘—x\g)
- &
Poesr ¥ Begend ’N—»‘r—*
o O = orgming Yo f T N PTXTX[}
&

_ M?Bmm PXXP‘



® TO 'G\'r\d (:30\5, recall that mwWnimoe o—( G '&mc\-\'o\/\ occur

where s decivakve 18 O and  scond derivative i > O.
o We wink minimum of 1 R R guen by
£(8) = BTXXE - 2F'XTY.
> 0= (= 2XKB - 2X'7,
= KXp = XY,
= p= (X)) X'y



Second decivative y
3 F(p) = 2X'X

i ?os\'\—'wc, definite (ma+r(x avw.l03ue ol >O>, So
A T -1 T _,
Bus = (XX) X,

® Tmportant oside : The ghove assumes XTX IS

nvectible, which © only possible i > d.




BO\\_JQS'\ an \\'V\m( fegreSS\oN

e The MLE appro&dn 3‘V€S 18 Siv\ﬂ\i estimate fﬁo,_g.
° Ba\/es opproach looks ot 4he {ull diskibution of (5
ond Tt e, P( B, o | ?/MX> ,

¢ Recall for the wunivariode normal model we had
two  difkrent  Boyesian models. Tn both cases,

Y8 e (e, o).
Thed s, the  likelihood s the same. What diffeced



were  thee prioes *

2 Ba\/e&\&n model # (Sem(-— Cbn;\uqa;\'e,\ .

. P(9>: N(Ho;‘t7—> } indcpev\de«\’\' priors
P(Gz‘)' IG\( 2, qu>

= Ll conditionds :
- p(®] ¥.) = N(V tl)
- ola*[ ©, \/\ Ta(¥%, >



o Boyesian model #2 (‘depender\‘\’ priorsyz

.P(g—z)z‘_[é\(& \,/ng)
'P(e\gl)z N Mo K, )

=> posteior Aisdribution

P(e,ol\i) = p(9|62,7,> p(crl IS/"Q whece
e p@lor¥) = Nlpo, &)
o 0(a*19,) = Ta(%, %7



e for lineac fegression  We have.

\ﬁlXi,ﬁ,O' “d\\l @X‘,G> Yi=1

or, In matriX notetion,

Yio "‘)Y\r\ \ X\.""an» ﬁ'ol -~ Nn<x(5’ UZI“> <*>
e .
Likelihood

e As in the wnivariode pormal cose, we'll obtwin A rent
models depe,v\d('\ﬁ on  owl Cchoice of prioes foc (5 a-d gl



Ba\/a(avx \iv\wr (Cﬂ\(cSSiOV\ mode “&1 <S€M‘—COn3iﬂ\Ok.+(>

e Likeltheod s <>\<>

® P(@)N Nd< (50, Zo) — Frior for ‘3
o p(crl)'v 14 (‘Vf, y%@f) ¢ Prioc for T

= leads 1o full conditionals

e p(819.,%,57) = N,( ., =)
(0119, X, ) = TG(%gn | s sste) )




where

2= (20 ExXx)
.= Z, (Z0p. éTXTy)

® Decivation of P(ﬁl_y_:,xlqz>,
ED\’ notational SiMP\icH\/, \ed y:7n cond X:x

A(ply%e?) < ply X, o 13)p(R) & Zﬁ“"i’i‘gﬁcﬁ
= p(y |1 X, 0%, B) a1 B) p(B)




= P(\/\X, g?, (’;)

_ (lmz)'% exo [— = (y-xp)(y -X@ﬂ

o exp| S (5171-x8) )|
o(ep[ (‘—[sxxg LAy + ﬂ
) QXVWG&XY* )'%E(g‘:fx)r )ﬂ



B\/ C,OMP\G'U\S Ahe Squace ,  one finds ok He loctder

expression (s QrOQO(hM o a Nd(ﬁnir) density.

® Decivakion of p(csl\'\z,x, (S) Proceeds similacly <H°”, ?"55>

o Full conditionals => Qb Samples :
e Tnitiakize @, g2

-

. Compute C = (Zo + z( 0 XTX) | od ™M= C(i [5 XTY>
 Sampe (9w NA(M,C)
. Compuie SSR((S(.))

)
S e ag (| el e

° Return { (B(\\ 2()> O, --- S%



BPovesian lineac reoression model # 2 (o\— prsors)

o Ckoosinﬂ prior porameterS (50, 2,,V,, 02 n model

#1 con be d‘““""ﬁ”‘ﬁ' For exampla the prier
covarionce S € RS oo B has G4 pcameias
ot need 4o be specified.

. S\m\at\\/ Yo the wiveriate normal cose, we can

use o differeat model v which Fhe prior for
(B dcpevxc!S on G)‘. SPZC\"(\'C&“\/ :



° Zc“r\e(\s - ‘ |
3 prior 15
co(e) = Ta(% Lar)  (some as bekre)
e as before
4 p(Blo*) = N, (0, go2 (x™)™)
O Some 3>O. Th Fhis CaSe, ‘H\c POS-}cr‘ '
or 1S
P(ﬁ,@ll?‘n,X): N
p(1929.X) (o217, X)

\N\r\ ece

e p(plen¥,, X)=N X'y P
GE (XXX ,?%(XTX)")



VoTg + SOR, )

e 9(02| Yo ¢ O IG\( L
e SR = YT (L~ 27 X(XX)'X")5.
® Tn this model, We Can Sample W\dtP@ndu*\'\\l = po MCMcC

® A common Choice for 3 i the Samplc NETH S:n



PoS-\—e«*br Nference
® So -Ga,(, we \r\a\/e -
(1) Collected dato %,(Xu\/\ L. -/h}

(1) Assumed Y= BTxi+ g W g, £ N(o,0?)
(1) Seb wp a Bayesian model awd obtained sanples -“L(@qu(s))i

Wt o do with Somples S[((Sm/ Uz(a)>; =1, .., S%?



ESJr l'W\OA'l'V\S ‘H\a mean ‘G-m ction
° FOY each (5‘-: (@o, @1, ..-/Pd) E [Rd+1/ the Lunchon

m(x)— [STX defines a plane (n Rd”'

‘mY’(X) is the mean of 7 ﬁX*'i when E[i] O.

¢ Each sawmple (5(0 from owr postecior gives a mean estivate -




e \.Asmg oul  Samples (3(1), ) (5(5), we  can compu+e.,e.3.,

o T\qe, Sample Wean:

—

b=t 2
=1
o 95 confidence intecvals for each x in Some arid:
e for X in orid of X-values:
o Compute XT(S(‘) Y1

I Ta_k(, q5°/o CDY\GAC)\CL \'V\'k(\fa.\ "FUf %XT(E‘.): 1:1-/-"/ S}






* More Se,ne,ra\\y, when N = -F(x3+g w/ [F_[ﬂ:()l
wort Yo estimate the mean *(:uv\c;i-\'on ‘E(\IIX_]Z‘F(X)

Y

e

reﬁr essS\on

/\//ﬁm £(<)




Postecior prediction

* Let X and 7,\ be the previously observed dota .
for new V., asd X

n+\ v

(.
p(YM—l | ><»r\»«\ / /7“): ] P(y\nu‘[Blcl/xm\/x,?n>P((5,0'1 ’(vw/x /3/:) d@C\GZ

= ‘ P(\/“H\ ‘S,Gl,xM‘) P( [5’ o? \XIS’: > dﬁdol

where P(\/““ | (5/ Gl) Xn+|> = N( ﬁ-rxm—l ) 0.2>



o ASSumwg weve already collecled Samples i(ﬁ(‘) 1(‘0'2}1 e
eq, Via Qibbs, we Can sample fom PPD Vi
o for 1=4,..,S -
e 0 NG 0, )
o Retwrn PPD samples \/(‘ ~ P(\/*\*‘l n+\rﬁ>/02>

® Similar 4o the mean ‘F\MC;HOV\; We¢ can do the above
over o 3rid of X values :
o for x€ Ix, -, xk]:
«dor 1=4,...,S
© oy~ N(xTRY gt )



OAA&\'\' mal
unces fainty
‘CDM Sawplc‘j,

J e, g?
L

UnLeeraivx—\-\/

mp




Model Selection

* In many apP\\'Co:l-(onS, the number of covariotes xy,.-., X4 IS
(Ve,r\/) l0-f3C, e.t_}).) 3enomic,$ (d ~ 20,000 > Howevar, often or\\\/
o (small) subser of +he covarioteS are actually related

fo  the response VY.

° Including only the “Hrue” covociotes in owr model of Y

often N el ds  sSimpler, more inferpretable models thot
provide bettec predictions ond  statistical propecties.
e Tn o linear model we might have vy = VSTX + & with gome

of +the cwefficients (33 = Q, so '><'J unceleted 4o Y-



Bockward  sel ection (OLS - basai)

e One non-Bayesian opproach based on t-statistics

__ By 3= (XX)' X5
t, = J ' where - (XX) X ;
SRS O ¢ ’

is to 4uke Hee FD\\OW'MD backwocds elimination o,pproacl,.:

o Stoct with full nxd dodo modrix XK and threshold t,
oSet M =231,.., d‘s
o While 33 such thet I‘EJ|< ty:

¢ find A= min lty] and remove min From m

J
o Compute t-stakistics for new x

°o Return m



e This procedure has Several problems ; for example, & con idenhiéy
mo_v\\f -stg QOSH'\VP;S (Scc Ho‘c‘P, Section q.%)_



The oenero\ Case
-’

* We have a ‘P\'v\(‘\'ﬁ set of poSS'\b\a model S M
* Gool : Given dato Y, compute p(m \y) Vme M.
* Assume eoch medel ME M IS POJ omedt ized \DV em

o(ylm)
oY)

p(m) [ plylem)p(8,) do,
p(y)

p(mly) =




e Tf we want +o Compofe ‘wo  wodels my a«d ™, ,
we Can lock ot -H\Q\‘( pos-\—e,r\or odds

P(mll\/) — P(Ylml) g p(mi)
p(m;_l\/) p(\/ Imy) @(mz)

Boyes foctor  Rrior odds

® Tn linesr (egression, Y= E)Tx+ £, a models m correspond

do subsets ot %1,.-.,(11}’ e
m= 13+ By#0}



One (O{: mom\/\> P)O\\/ es\an o.p_proad\es

e To allow Hor the possibility ot Ber foc  Some j, let

Bj = -Zj bj where Zj & {O; l_g So “that

-
Y=Z1b1,x1+ "'+Zabdxd+£=’3 X t+C

So Zj=0 meansS X; & not in the wodel.

J

= Model selection amounts +o l‘devrh"éﬁymﬁ which 2_3 =0.
d

= There ore 2 gossible models, eq, whea d=73:

(2, %2,23) € S1(<:>,o,o),(o,c>, 1), (0,1,0),(1,00),(.4.1),(1,01),(1,1.O),(1, p)}



e The posterior over models S since X treaded a5 Fixed

(Z\XI\/) = P(7n;x l Z>P(*) 6(7.,“(,2} P(z)
P PX) Z pl5IX el

whece p(z) 15 our prier over models, eg., Uniform on the
e set 1(Zq,-24)  HEDO 1Yt = %o, 1_25d |

o Usually Hake P(z) = —2_ld— (ol wodels have +he same
prior pfobab\'\?r\/}.

s o(21%,y) = o(yIX, 2)

Zp(vIX,7)




o With Zelwec's gprior we can aet a Closd—formm
expression for P(y\X,%), which allows ws 1o
Compute  the  orstecior probability P(’fl\//x> o
evay wode) E (Sec Hot€, page le)



_Bfl\/&S\'an model O\ ef oo\ No\
/ 24

® Rother +han select a single mode), we can oVefage
predictions  orer oll  models .

e T& & model & more plausible, then s predichon
Srould  countr wore.

° Fowrmod\y, Idr-lmg y:?ﬂ omd )(-_-x/

P(Ynul Xowr 1 Y7 X> = Z p<%+|lmlxh+“y/ X>

meM

=2 P(\/m. lm/xm.,\//X)

meM



= Z J‘ P(eml YYl,X,\/> d@m

-2 [ o(Bplm X, y) do,,

0 S
® Tn lineas (egession,  we have sample S S{ﬁ(nj\_:ii

/N

)
_ _|_ (1
(SBMA’ S FZir))



FPosterior  inclusion probabilities

® Another wsebul quantty o look at 1S e poSHerior
nclusion  probakoility

plz=115,.%X) iZ o(z |3, X)

2%1



Frd Ch9




